CHAPTER

'|O PROBABILITY

SKILLS TO KNOW

* Basic probability

* Finding the probability something will not happen
* Independent events & dependent events

e And situations/Or situations

*  Probability & permutations
¢ Finding expected values

*  Probability notation, union & intersection
\.

) NOTE: This chapter builds heavily on Chapter 9 in
you have a handle on Chapter 9 before attempti

ents. Be sure

BASIC PROBABILITY

The probability of an event occurring is the likelihoON

will happen.

Probability is expressed as a deg
event is 1, it will happen wit
likely it will occur. The cl

inclusive. If the probability of an
Pbability of an event is to 1, the more
zero, the less likely it is to occur.

When the selection in calculate probability by creating a fraction:

desired outcomes

¥/ possible outcomes

For exary c want to know the 8

3 bl

es of choosing a blue marble from a box when there are

bles andN§) marbles total, that would be E

also be expressc¥as:

ber of “successtul” outcomes possible

Number\ ul” outcomes possible + Number of “failed” outcomes possible

are 3 blue marbles and 7 other colored marbles, there are 3 ways to succeed
if I pick one marble out of the box and want a blue one. The probability is thus:

For example 4
and 7 wa

__________________________________________________________________________________

j‘ g E There are 52 cards in a deck of cards. There are 4 suits (spades, clubs, diamonds, and
E hearts), each with 13 cards, 3 of which are face cards. 2 suits are red, and 2 are black.
i If a card is drawn at random, what is the probability that it is a red face card?

[ ——

..................................................................................



SKILLS PROBABILITY

To solve, we use the fraction formula for finding probability:

Number of possible desired outcomes

Number of total possible outcomes
We need to find two things:

1. The numerator: the number of red face cards (what we want).

We have 3 face cards per suit. Two of the suits are red. That means we have 2(3) or 6 total red
face cards.

2. The denominator: the total number of cards in the deck (totg

Per the question, we have 52 cards in the deck. We now 4 Rihe value fo

Of #22 i_i
52 26

Answer: —.
2

RAXPPEN

Finding the probability something i Pen can alsd\be sol
that something won# happen. In the wor®of probability, s
concepts: either something happens or it dORsn’t; two optig
something will happen and that something wotR{ happe

arble from a bucket, ti¥y

PROBABILITY THAT SOMETHING W4

alculating the probability
ailure are mutually exclusive
? As a result, the probability that
Fum to 1. For example, if there is a

T chance you’ll pick a reg chance you won't.

= _ If you need to ky
-- probability of
from one. Li
solve for pg

ability tha
Pomething nd\hapg

if you're asked to
Pility oNsomething /g

ing happens, but it’s easier to find the
solve for the latter probability and subtract
obability of something nof happening and it’s easier to
Folve for that and subtract from one.

_________________________________________________________________

WISV

R, 36,..,81,100 are the list of perfect squares. I omitted the middle, because 1
yed: squaring a number 1 to 10 inclusive, as 1 is 1 squared, and 100 is 10
Il have 22, 32, 42 , etc. Thus I know there will be 10 of these numbers in the
¢ probability of getting a perfect square as my number on the slip is:
10 1
100 10

squard. In b

NJ subtract this value from 1 to find the answer: 1 —% :% .

Answer: —.
1
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INDEPENDENT VS. DEPENDENT EVENTS

In the previous chapter, we defined independent and dependent events. To review:

Independent events don’t affect the outcome of other events. For example, if I flip a penay and
get heads, I’'m not more or less likely to get heads again on a second flip. Coin flips, dice tolls, and
situations with wording such as “with replacement” or “items/digits can repeat” are typically
independent events.

Dependent events affect the probability of subsequent events. Drawing theee letters from a bag
of lettered tiles, choosing people for a team, or selecting songs to sing at 2, N are all dependent
Nick for the fir
choose

events. You wouldn’t sing the same song twice at your voice recital, so
song affects what you choose for the 2. If you had 4 songs to chog
song you’ll only have 3 songs to choose from. Often, you’ll see wog

“without replacement” when encountering problems that invglifepende

“AND” SITUATIONS

If the probability of two independent events atg
“AND” B occurring (assuming each event is unig
you have an “AND?” situation (Event A is true 4

y of both A
¥ In short, when

A and B, then the prq,
xJer matters) is A t

________________________________________________________________

I’

i g i Ned is throwing a coin to see if it’s head Pability that he will
i throw heads three times in a tow?
\

.....................................................................

This is an “AND” situation | chance of getting heads once is E

Since Ned will be doing to get three heads in a row we need each

111 1
subsequent toss to bg e third) we multiply EXEXE to get 3

Answer: —.

A simila
both g
Hqg

cmerges with depé events. We still multiply probabilities together when

R event B are true t®ind the probability both are true (assuming order matters).
(e event A into account when we calculate the probability of B. In other words,

Bltiply (Probabilgof Event A) (Probability of event B given event A happening first).

_______________________________________________________________________

Pihree toys at random to take to the beach from her basket of 10
of the beach toys are plastic, what is the probability she chooses all

o ————————
S ——

________________________________________________________________________

We sta! ’membering the fraction that defines probability:

Number of possible desired outcomes

Number of total possible outcomes

These are dependent events, so as I work I must take into account the previous choices. I want to find
the probability that three particular events occur in a row: she chooses a plastic toy first, a plastic toy
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SKILLS PROBABILITY

second, and a plastic toy third. For all of these events to be true, we have an “AND” situation. Each
of these events must occur in order to get my desired outcome. Thus we can find the probability of
each case and then must multiply these individual probabilities together.

- . . . .5 . 4
Her probability of choosing a plastic toy the first time is 10 but the second is 9 Whensshe chooses
the 2nd toy, the 1st toy is no longer an option; there are only 4 plastic toys to choose from and 9
3
toys left in total to choose from. When she chooses the third toy, there is a = chance she chooses

a plastic one. At this point, she will only have 3 plastic toys left to choose from and 8 toys in tota

As you can see, we reduce the numerator and denominator accorgg

Why can we solve this problem using a “permutation” wheg
) p ga p

Though order doesn’t matter here in one sense (she is s8 p), it DOES
Cn she chooses
till treat this as a

ombinations as well.

ng a few items
matter in terms of her selecting a toy that is plastic on each turn, i.e. each moryg
a toy a certain event must occur: she picks a plgstic c toy each time. Thus 3
permutation and not a combination. We could solve this proble 2
For that method, we’d rely again on the frg at ddgnes probabil
as the number of ways to choose 3 plag

alculate our numerator
e 37) and then divide that
Psc 37). Using our calculator’s

o . . : 1
built in combinations function we get: 573 W 4 Or — .

10

by the number of ways to choose 3 toys

“OR” SITUATIONS

Sometimes we can 4

er the probability of all the unique ways we
OR?” scenarios. Situation A is true or B is true
Ptuations in probability, and our elements are unique
pilities together. Add the probability of all the unique
b find the overall probability of that outcome.

could get what wg
or C is true, f
(i.e. “mutug
cases thg

ability of flipping one head and one tail when two coins are
1
ample, if the chance I get heads then tails on two coin flips is 2 and the chance I get
1
two coin flips is Z , then the chance in two flips of a coin that result in one heads

1

Ppr —.

e WARNING; ¥ add probabilities together, you must be certain the outcomes included within
e J cach pig you’ve calculated DO NOT OVERLAP. Events must be distinct or “mutually
exc you’re going to add their probabilities. I can’t be in 4™ grade and in 5" grade, those are

Exclusive events that do not overlap. But I could be in 4" grade and female. Those are NOT
y exclusive events. So if T know 1/2 the students at a school are female and 1/5 are in 4th
grade, I CANNOT simply add 1/2 plus 1/5 to find the probability of selecting a student at random
who is female and/or in fourth grade. If I did, I would double count all the fourth grade gitls.

CHAPTER 10 135



PROBABILITY SKILLS

I’ Y
% E A multiple-choice quiz has four answer options for each of five questions. What is the

i

1

AN

136

__________________________________________________________________________________

probability of choosing answer choices at random and missing exactly one question?

..................................................................................

Because getting a question right or wrong is independent of how I did on the last question (assuming
I’m guessing at random), the events are independent. To solve this problem, I'll pretend order mattets
and break it into multiple cases in which order matters that produce the combination we want.

To get four right and one wrong could look like this:

11113 3

XXX X =
4 4 4 4 4 1024
This is the probability that I miss ONE question, and that the questiq

But there are 5 different orders this could happen in, i.e. the “wrg
above) could also be 1%, 27, 31 or 4™:

Case 1: I get question 1 wrong:

31111 3

Mestion 4:

> L3
4”4 1024

1 3111 3

XXX X = ——
4 4 4 4 4 1024
)s are the same as the c2Ng y wrote out, but just in a different

3

For each of these cases the fractig

order. Each of the five caseg

This is an “or” situatiog K will work and none will overlap. I thus need

the sum of all thg PssibNges. to itself five times, or simply multiply 3 2 by

five to get the

3 ) 15
1024 ) 1024

USING P% ' IN PROBABILITY PROBLEMS

More compleg

probability. 2o

Pility problems synthesize your knowledge of counting problems and of
these problems, remember probability is always found by finding:

otal number of outcomes that fulfill the desired parameters

Total number of possible outcomes

Oftentimes, we can use permutations (or the fundamental counting principle or even combinations)
to solve for each of these two values, and then in turn solve for the probability. The ACT® rarely
requires you to know how to do these with combinations, so I’ll focus on permutations. Still, the same
principle would work if the problem you confront involves combinations.
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__________________________________________________________________________________

% i In the bleachers of a football stadium, 2 boys and 3 girls are seated together in a
i random order. What is the probability that the 2 boys are seated next to each other?

..................................................................................

First, we know we need to solve for two values:
1. Total number of ways to arrange 2 boys and 3 girls such that the 2 boys-are always next to
each other (numerator of our probability)
2. Total number of ways to arrange 5 kids (I could say 2 boys and 3gitls, but each petrson is

actually unique, so this is really just how to arrange 5 kids; thinkjgo this way makes the ma
easier).

Both of these elements can be solved using permutations and a4

Let’s start with #1:

When I need to keep 2 items next to each other in a per’gftation, one way 1 8§ this is Case

1/Case 2. Let’s name our boys Brian and Max, and our gitls Leah, Wei Wei, ag

Case 1: Brian is seated directly to the left gdllex
Case 2: Brian is seated directly to the 1jg

Now I can solve for the number of pe
together and essentially are one person. 'Mjust calculate the ways to arrange for each case
and add all the possibilities together.

Brian and Max are “glued”

Case 1: I can choose from the following fouNg 2 time:
Brian/Max, Leg
4 x 3

Wei, Ann

=24

en four at a time:
eah, Wei Wei, Ann
x 2 x 1 =24

Case 2: I cang lowing

I add tj

of g

Huld have seen that Case 1 & 2 will have the same number
multiplied 24 by 2). In any case, I know my numerator: 48.

Dgether and 3¢t 48 4
. and thus could h’xg

an [ arrange 5 kids, in order? 5 kids taken 5 at a time when order matters is simply:

5x4x3x2x1=120

128s my deng
fraction:

otal number of outcomes that fulfill the desired parameters

Total number of possible outcomes

48

_48 2 or 4
5

120
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X
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EXPECTED VALUES

Finding the expected value is like finding a weighted average. Here’s an example.

__________________________________________________________________________________

The probability distribution of the discrete random variable ¥ is shown in the table
below. What is the expected value of ¥'?

Probability
P(r=y)
0.15

0

1 0.26
2 0.29
3

4

e . -

0.11
0.19

o

_________________________________________________________________

s that ¥
1s a discrete
f I listed out
7 values would all

First of all, don’t be thrown by the language “discrete random variable.” That jug
is not continuous as a possible value. For example, thgaumber of people in an g
Ngber is a whole

number because you can’t have half a person; ¢
probabilities of the number of people in the
be discrete. Discrete variables don’t have to b

oers, but the'Wpint 1
about a bunch of values in between what is on \ur chart.

don’t have to worry

MISTAKE ALERT! Whenever I have problems\yi ¢ ty chart like this, I always
double check that the given probabilities add to ®ge » the chart is not a complete
depiction of what is going g
only give you the “first fe

Occasionally these problems will
able and not all of them.

Here, 1 see that all
multiply the value o

now to find my expected value, I simply
ring, Then I add all these little values up:

.29)+3(0.11)+4(0.19)
% 0.58+0.33+0.76
=193

entially be the weighted average of the values in your chart. If your answer

ver should W

[t seem about “aMgage,” go back and check your work. Here this makes sense. 1 and 2 occur

Answer: 1.9%
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PROBABILITY NOTATION, UNION & INTERSECTION
(FYI, this is NOT frequently tested. This section is for overachievers with lots of time only!).

Occasionally, the ACT® may use certain notation to denote probability. Typically, however, the
ACT® will define this notation for you if you are expected to use it. That means you shouldn’t worry

too much about remembering everything below; just be familiar with it.

We say that the probability of Event A occurringis P (A) . What that means is that if I write “ P (A) y
that represents the fraction or decimal probability that something happens. Similarly the probabili
of Event B occurring would be P(B) , of BEvent C, P(C) and so on.

__________________________________________________________________________

Let P(A) represent the probability of event A occur
three coins are flipped and all are heads, calculate P (g

_______________________________________________________________

For this problem, we can first calculate the odds of gettiN all heads by multi\ ndependent

probability of each event. Since the probability of flipping heads is %, we 1g

Because we need “not R” we now subt#

Answer: —.

“UNION”

You may occasiong
this “union.” F

Plity problems. When it is facing upwards, we call
ion B is denoted by:

(AuB)

mple, the probabNg

€, B happens, or both happen. It is always greater than or
B alone. The picture below is one way to visualize A union B

Unio C probability thi A B
eq yc probability of A

e overlap.

“mutually exclusive” situations discussed earlier, union situations often involve overlap
@ they need not involve overlap). For example, if event A is having brown hair and event B is
hav#ig blue eyes, some people have both traits, and that would be “overlap” if we counted those who
had A OR B. When events have some overlap we call these “inclusive events.”

U
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s - If Events A and B are inclusive, then the probability that A or B occurs is the sum of their
~ probabilities minus the probability that both occur; i.e. to find the combined probability of
inclusive events, we add the individual probabilities together and subtract the overlap:

P(Aor B)=P(A)+P(B)-P(Aand B)
To help understand the formula, draw a Venn diagram to visualize, as in the problem below:

__________________________________________________________________________________

@ Inin a class of 24 students, if 12 students have blue eyes, the probabilagy of which is
denoted by P(A) , 8 students have brown hair, the probability of wld
P(B) ,and 4 students have both, the probability of which is deng
what is the probability that students have brown hair or
P(Aor B)?

——————————

[ ———

______________________________________________________________________

First, don’t be thrown by all the notation. It’s only there to confuse you. I know g
number of desired outcomes divided by the possible gfdcomes. I know I have 24
that is my denominator. My numerator is the numbg N¢ eyed and brown jg

ity is the
the class, so

Prudents znclusive,
0se with both blue
7 figuring out each of

i.e. anyone who has either trait or both: those wj

eyes and brown hair, and those with blue eye
umber of students who
have brown hair) to find the number who have brod cs and subtract 4 from 12

to find blue-eyed kids without brown hair (8):

Blue Eyes (12)

I can now 3 am to find the number of people who have either

brown

6).

gaking 8+12-4=16, per the formula we discussed earlier.
16_4 2
4 6 3

¢ on Venn Diagrams see the Chapter 11: Word Problems in Book 1.
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“INTERSECTION”

Another notation you might see is an upside down “U.” We call this an intersection. The probability
of A intersection B is denoted by:

P(AnB)
An intersection occurs when A AND B are both simultaneously true. It is always less than or equal
to the probability of A or B alone.

The picture below depicts what A intersection B looks like; it is the “overlap” of values in both sets;

__________________________________________________________________

g Let A4 and B be independent events. Denote P(A) as the probabilig
will occut, P(AuB) as the probability event 4 or B or bot
of the following equations ust be t NS P(AUB) :P(A

vent A
ur. Which

P(A)P(B).)

-

....................................................................

Let’s go thrq acN\choice:

A.

ndent probabilities together, we find the chances that bozh occur.

his is a calculation & the intersection, NOT the union. A is incorrect.

nion essentially adds any items in set B to set A. Thus the probability of A
e greater than a probability that has at least as many if not more options that
Plc. B is also incorrect.

¥)-P(A)=P(AnB)-2P(A)+P(A4)P(B)
At first, this might look like an algebraic manipulation of the original, given equation. Except

it includes the symbol for INTERSECTION not UNION. Be carefull All U’s are not the

same!
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D.

Answer

142

P(AUB)>P(A)+P(B)

Again the union is the set of all the items in A plus all the items in B, minus any overlap (if
applicable). If there were 70 overlap, the two sides of this expression would be equal. Since
that is possible, I know this is not something that MUST be true. In fact, it can’t be true. If
there zs overlap, then P (A) +P (B ) will overestimate the value of the union (as it is the total

before subtraction of the overlapping elements in the sets). Reversing the inequality sign and
making it “or equal to” would make this expression true (i.e. P(A U B) < P(A) A P(B)).

Looking at the left of the equation, we see that we’ve simply multipliedthe union by P (A) .

Let’s use substitution and expand this expression, using the informg the “Note’:

P(4)P(AUB)
We now plugin P(A)+P(B)-P(A)P(B) for P(AUZ
P(A)(P(A)+P(B)—P
Using the distributive property we get:
P(4) +P(4)Z

- E.
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A box contains 10 blue marbles, 30 green marbles,
and 24 orange marbles. How many orange marbles
must be added so that there is a 60% chance of picking
an orange marble at random?

A. 36
B. 40
C. 44
D. 48
E. 52

A number is chosen from the set {1,2,3,4,5,...,24}.
What is the probability that the number is a factor of
187

A L
2
B. X
3
c L
"4
p. L
5

1
E. —
6

There are 8 children, and yo
up from youngest to oldes
oldest, which child is
child is the younges
unknown. If you
what is the prg
correctly?

ke assigned to line them
W which child is the

ly sort the middI¢e
Wthat all the children 3

4. Inaset of integers from 1 to 50, inclusive, what is the
probability of randomly selecting a prime number?

A.

@
[ vln GRr e
Slew aln Gl= 2]

integer from N inclusive, is to be
Obability that the inte-

s digits?

E. —
110

6. There are 200 paper slips in a hat, each numbered from

\/I,\/E,...,\/ZOO with no repeats. What is the proba-
bility that the number on a slip drawn at random is not

irrational?
A
100
B _°
100
c. >
100
p. 23
100
E 94
* 100
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QUESTIONS

144

O’Shea puts 7 blue marbles in a box. He now wants
to add enough yellow marbles so that the probability of

drawing a blue marble is % How many yellow mar-
bles does he need to add?

A. 50
B. 60
C. 70
D. 80
E. 90

At a party with 100 guests, there is a raffle. Each guest
is given a ticket with a number from 00 to 99. There
are no repeated numbers. Each guest signs his/her name
on the ticket and drops it in a basket. There is a second
basket of tickets numbered identically. A guest wins the
raffle if his/her ticket is picked from the first basket and
a ticket with the same ones digit is picked from the sec-
ond basket. For example, if a guest has a ticket number
14 and the ticket picked from the first basket is 14
and the ticket from the second basket is 94, the guest
wins. If Bernie’s ticket number 42 is drawn from tj
first basket, what 1s the probability that Bernie wil
win the raffle?

A.

B.

WinN DWW N|FR = [S=Y
| | = 2le 2|~

10. Ata start-up company with a staff of 15 people, 6 peo-

12.

CHAPTER 10

ple are male and 9 people are female. Two people are
randomly chosen to be campus representatives. What is
the probability that both representatives are male?

A. £+£
15 15

B. & .6
15 15

c. 6.5
15 14

p. 2.
15

E 8

Btudent Involvement in Campus
Organizations

0 1 2 3 >3

14 27 | 39 16 4

1:20
4:25

25% of the dogs at a park are Corgis. There are 28
dogs at the park. How many dogs at the park are not
Corgis?

A, 7

B. 14

C. 20

D. 21

E. 24
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13. In a Secret Santa gift exchange, there are 3 gift cards,
5 stuffed animals, and 2 articles of clothing. 5 more
people want to join the exchange. How many of the 5
people should bring stuffed animals so that the overall
probability of getting a stuffed animal gift is 409 ?

A.

mEOw
Ul W

14. Sam rolls a 6 sided die painted with 3 sides yellow,
2 sides red, and 1 side white. If Sam rolls the die and
records the color of the side facing up repeatedly, how
many times should Sam expect to record the color red
after 180 rolls?

A. 30
B. 60
C. 90
D. 120
E. 150

15. A teacher lines 30 students in a single file lidg
starts passing out candy at the front of the line.
teacher has 15 lollipops, 10 candy canes, and 5 gum

drops. Lisa is 6™ in line to get a¢ candy and the students

CHAPTER 10

16.

17.

In alist of 60 songs, there are 13 songs by artist A, 24

songs by artist B, 13 songs by artist C, and 10 songs
by artist D. The first song on the playlist is set to play
on random. What is the probability that the first song
played is by artist B?

A 1
5
B 13
60
c. 2
5

4
5

are white, 6 are black, and
Wlded person is asked to pick one
, what is the probability of the per-
Wole that is not white?

In box of 15 pej

. Two events are independent if the outcome of one event

does not affect the outcome of the other event. One of
the following statements does NOT describe indepen-
dent events. Which one?

A. An 8 is drawn from a deck of cards, then after re-
placing the card, an 8 is drawn.

B. An ace card is pulled from a deck of cards, then,
without replacing the card a coin lands tails up.

C. A coinis flipped and lands heads up, then the same
coin is flipped again and lands heads up.

D. A 4 is drawn from a deck of cards, then after re-
placing the card, a 3 is drawn.

E. A 4 is drawn from a deck of cards, then, without
replacing the card, a king is drawn.
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19. A new version of roulette is played where 2 pockets
are green, 9 are red, 9 are black, 9 are blue, and 9
are yellow. If a ball is rolled into one of the pockets at
random, what is the probability that it does NOT land in
a blue pocket?

A 2
38
B. 27
38
c. —
28
p. 3
4
E -
4

20. A taxi service has 240 taxis in its service. Based on
previous data, the company constructed the table below
showing the percent of taxis in use and the probabilities
of occurring. Based on the probability distribution in
table, to the nearest whole number, what is the expe¥
number of taxis that will be in use any given day?

Taxi Rate Usage Probability
0.4 0.3

0.6
0.7
0.9

21. For the first 7 possible values of x , the table below
gives the probability, P(X), that x inches of rain, to
the nearest inch will fall in any given month.

x inches of rain P(X)
0 0.3102
1 0.1020
2 0.1567
3
4

N\
P\

Whi e followinWyvalues is
bi At at least 3 inchdNof raj
month?

A. 0.11
0.20
0.40
0.43

the proba-
in any given

Pe independent events. P(X) represents
ty that event X will occur, P (~ X) rep-
e probability that event x will not occur, and
@ y) represents the probability that both events
and Y will occur. Which of the following equations
must be true?

A. P(X):P(y)

B. P(Xm~y)=P(~me)

C. P(x)-P(~x)=P(r)-P(~»)
D. P(me):P(~Xm~y)

E. P(X)ZP(Xm~y)
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23. A lab is testing a new machine to diagnose breast can-
cer. In 50 trials of 800 individuals, the number of
false positives (instances when the machine diagnoses
a woman with breast cancer who does not actually have
it) were recorded. Based on the distribution below, what
is the expected number of false positives that will occur
among 50,000 tests?

Number, 71, of false Erobablllty that n .false posi-
ositives tives are produced in a trial of
postty 800 people
0 0.2
1 0.4
2 0.15
3 0.15
4 0.1
A. 1.55
B. 63
C. 97
D. 124
E. 500

24. The probability distribution of the discrete random ™\
able Y is shown in the table below. What is closest W
the expected value of ¥ ?

Y

5|>—\ oln | ok | 5

3
2
9

25. The table below shows the results of a survey of 300
people who were asked whether they liked spicy food
and whether they liked hiking.

Like spicy | Do not like
food spicy food Total
Like to hike 75 115 185
Do not like to
hike 40 75 115
Total 110 190

According tQ esults, which is closest

at a specific event, £, happens is de-
. The probability that this event does not
Pdenoted P(not E). Which of the following
ents is always true?

P(not£)>P(E)
B. P(notE)<P(E)
C. P(notE)=P(E)+1
D. 1-P(E)=P(notE)
E. 0<P(notE)<P(E)

. Suppose that a will be randomly selected from the set
{—3,—1,0,1,2} and that b will be randomly selected
from the set {~3,-2,0,1,2,3}. What is the probability
that ab<0?

A 1
3
B. S
20
c. B
30
p. &
15
g L
15
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28. Best friends Mylah and Sierra and three other class-
mates have been instructed to stand in a straight line in
a randomly assigned order.What is the probability that
Mylah and Sierra will stand next to each other?

A 2
"5
g L
"5
c. L
15

1
D. —
30
1
E. —
120
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ANSWER KEY

1.A 2.C 3.B 4.D 5.E 6. A 7.C 8.B 9.E 10.C 11.C 12.D 13.A 14.B
15.D 16.C 17.A 18.E 19.A 20.C 21.D 22.E 23.C 24.C 25.B 26.D 27.A 28.A

ANSWER EXPLANATIONS

1. A. We have a total of 10+30+24 =64 marbles, 24 of them are orange marbles, and we are looking to find the num-
ber of additional orange marbles to add in order to have a 60% probability of picking an orange marble. Let x be the
number of additional orange marbles needed. Then, we can say that the probability of picking an orange marble afi@ the

addition of the x marbles is g orange marbles (numerg D

b the

+x
, because we’ll be adding orange marbles
X

the total number of marbles (denominator). We want this to be equal 60%

equation X =i. Cross-multiplying and distributing gives us 24 Pox from
64+x 10
both sides, we get 240+ 4x =384 . Subtracting 240 from both g ide by 4 we

find x =36 . So, we need to add 36 additional orange marbles fg P orange marble.

2. C. First, we must find all factors of 18 (integers that 18 can be divided by). (See LC
toring using a factor rainbow). They are 1,2,3,6,9, aggd 18 . We see that 18 has 6
included in the set {1,2,3,4,...,24}. The set {1,2, 4} has 24 numbers, sg

18 from these 24 numbers is i:l

24 4
3. B. In order to line the children up from youg
children are the two youngest and their ages, w& ace in the first spot, and which one child to
place in the second spot. The same goes for the last™ ich child is the oldest. For the remaining spots
3-7, wehave 5 children left who need to be placedNgor spg cre are 5 children who could randomly be placed
there. Once one child is ranglmly placed in the third spN ¢ 4 children left who could be placed in the fourth
spot, and then 3 childre cWfth spot, 2 choices fg spot, and one remaining child at the end who will take
the 7™ spot. So, the tg ¢ five children is calculated 1x1x5x4x3x2x1x1=120.

apter for help with fac-
d all of these numbers are
Dabilty of choosing a factor of

youngest. Since we already know which

. . . . .1
Since only one of me-ups is the cgect o Probability that the children are ordered correctly is 20"

4. D.Wem ®n 1 and 50. 2,3,5,7,11,13,17,19,23,29,31,37,41,43,47. 15 out of

the 54 8\ i primes. (Remember, 1 is not prime!) So, the probability of selecting a prime

§=i. One way to N
10

ne if a number is prime is to divide that number by all integers less than or equal

pot, and if the number cannot be divided by any of these integers other than 1, it is prime. For example,
se the square root of 13 is approximately 3.60555, and 13 is not divisible by 3 or 2. See Ch 2 for
RS S

that there are 999—-10+1=990 integers from 10 through 999 (we add 1 because the set is
. vely, we can reason that we take away numbers 1-9 from the 999 numbers included in 1-999
and tha 90 ). Then we count the number of integers that have 3 as exactly two of their digits. If we let x rep-
resey Pit from 0—9 excluding 3 then the numbers we want to count can be represented in the following forms:
, and 33x. Since there are 9 possible choices for x (0, 1, 2, 4, 5, 6, 7, 8, 9) while the other two digits in
bers only have one possible choice respectively (3 ), the number of possible permutations could be calculated for
ed®h of the forms. x33 has 1x9x1=9 possible outcomes, 3x3 has 1x9x1=9 possible outcomes, and 33x has
1x1x9=9 possible outcomes. This gives us a total of 9+9+9=27 numbers that satisfy our condition of having 3 as
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2 of its digits. So, the probability of choosing such an integer out of a total of 990 numbers (calculated earlier) is
27 3
990 110

6. A. To be “not irrational” is the same as to be rational. Since there are 200 integers from 1 to 200, there are also 200
values from \/I,\/E,. ..,N7200 . We must now find the number of values from \/I,\/E,. .,V200 that are rational. An ra-

. . . . n .
tional number is a number that can be expressed as a fraction or in the form 7 where n and d are integers. Numbers of

the form \/; are rational only if x is a perfect square. So, since there are 14 numbers from 1 to 200 that are perfect

squares (1,4—,9,16,25,36,49,64,81,100,121,144,169, and 196), the probability o v

7. C. The box initially only has 7 blue marbles. Let x be the number of yellg he

1
probability of drawing a blue marble to be 1 This means we get

77 =7+ x . Subtracting 7 from both sides, we get 70 = x . According®, we need to add 70 es in order for

1
the probability of drawing a blue marble to be equal to 11

\ basket does not end
Kin. The Wssible ticket g

8. B. Bernie will not win the raffle if the ticket drawn fro
if the second ticket does not end with a 2, Bernie wj
win have 10 possible numbers (0—9) for the

e ones digit as 42. So,
at will not allow Bernie to
5 excluding 2) for the second

digit (ones place). This gives 10x9=90 possible o =100 tickets to choose from for

9. E. There are 4 orders for which Rolain can get 3 tails out of 4
probability of each possible outcg Nch coin toss is an indepg
example, tails in the first toss 4 Nye second toss 4

, TTHT, THTT, or HTTT. First we find the
ND” event, so the probability that she will get, for
the third toss AND tails in the fourth toss, is found

Pprobability of each of these outcomes is, respectively,
0.4), and (0.6)(0.4)(0.4)(0.4) . Now, the probability that
t“OR” event, the probability that she will get TTTH ORTTHT

by multiplying the probaby

(0.4)(0.4)(0.4)(0.6)

she will get one of tjg

ORTHTT OR Y4 Obabilities we found before. Thus, the total probability of landing
tails 3 out g mes is (0.4)(0. .4)(0.4)(0.6)(0.4)+(0.4)(0.6)(0.4)(0.4)+(0.6)(0.4)(0.4)(0.4), or
4~(0.4 y This simplifies to 4 0.154.

10. C. iMathe probability of choosing two males, we are looking for the probability of selecting one male and

om the remaining staff. Thus these are dependent events. The probability of selecting the first
first sclected male, the pool of candidates now consists of 5 males and 9 females, so the

d male from the staff not including the first male is % . We multiply the two probabilities

to find the prongjg poth occurrences happening, so the probability that both representatives are male is %xi

14°

A common g ade is multiplying 1—65><1£5 This is the probability of selecting two males with replacement, which

means Wossible to select the same person twice. Since the staff is selecting two different people, they are selecting

witho! acement.
11. C. Most students miss this question because they don’t know what “odds” means. Odds are expressed as part to part (ratio)

not as a fraction (part of the whole.) The odds of a student being involved in at least 3 organizations is the percentage

of the student being in 3 or more clubs against the percentage of the student being in 0, 1, or 2. The percentage of a
student being in 3 or more than 3 clubsis 16%+ 4% =20% and the percentage of students in the remaining tallies are
14%+27% +39% = 80%. So, the odds are 20:80, which reduces to 1:4 . Note the word “odds” is rare on the ACT.
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12. D. Out of the 28 dogs, 25% or 28 =7 are Corgis. The number of dogs at the park that are NOT Corgis is 28—-7 =21.
4

13. A. Initially, there are a total of 3+5+2=10 gifts, and 5 of these gifts are stuffed animals. With the addition of 5 more
gifts, the total number of gifts in the exchange is now 10+5=15. If we want 40% of those 15 gifts to be stuffed ani-

mals, then 0.4x15 =6 of the gifts must be stuffed animals. We already know that there are 5 stuffed animal gifts from the
original 10 people, so we only need 6-5=1 out of the 5 people joining to bring a stuffed animal gift.

14. B. To find the expected number of rolls that are red side up, we must first determine the probability of rolling a red. Since

2 out of the 6 sides are red, the probability of rolling a red is %=% . The expected number of rolls that are red side up

is then the probability of rolling a red multiplied by the total number of rolls madgut of the total 180 rolls, 1

are expected to be red: 180x % =60rolls.

tarted out
12 lollipops
time the teacher

15. D. This is an “OR” situation so we calculate the independent probabiljg
with 15 lollipops, 10 candy canes, and 5 gumdrops. At the time th
left, 10—2 =28 candy canes left, and 5—0=5 gumdrops remaigg

reaches Lisa is now 30—5=25. So the probabilities of gettin Op are 257 257 and
5 . o . .
P respectively. The probability of getting a lollig
16. C.Th 24 tof 60 thatareb bebyartistBi 24_12_6 _2
. C.Thereare 24 songsouto atarebya ObebyartistBis - =—7=—-=¢.

17. A. We wish to find the probability of the pebbMbeing NOT white, — (probability of picking a white pebble).

The probability of picking a white pebble is —,
4 15 4 11 LE

15 15 15 15°

Picking a picking a pebble that is not white is

18. E. For each answer
a deck, and withqg
first card dra
each draw i
does no

ent except for answer choice E because ifa 4 is drawn from
® probability of drawing the king depends on whether or not the
er answer choices describe events that are independent because
e next draw not dependent on the previous draw. Each coin toss also

0 the deck was also a
om\deck is replaced, g
d on the pNyious toss.

19. A ffobability that an evenN
er. However, since wd

Pccur is equal to the sum of the probabilities of all other alternative possibilities
¥ come across a problem where there are too many alternate events to calculate in

RN, it’s better to calculate the probability that an event will not happen as 100%, or 1, minus the probabil-
9
happen. In this case, that is 1 ———, since there are 9 chances for the ball to land in blue out of 38
38_9 29 3
38 38 38
Wue is equal to the sum of all possible values, each multiplied by its probability. Our expected taxi
0.3)+0.6(0.4)+0.7(0.2)+0.9(0.1) = 0.59 . We expect the taxi service to be using 59% of its taxis at

e. To find the expected number of taxis, not the rate of taxi use, we multiply the number of taxis, 240, by
B use: 240(59%)=240(0.59)=141.6 ~142.

21. D¥Be careful: we need the probability that af least 3 inches of rain will fall. But the chart ONLY lists the first SEVEN
possibilities. Thus we don’t know the probability for more than 6 inches of rain. Our best bet is NOT to try to find the sum
of all probabilities of x >3 in the chart, because the chart leaves off some values. If you tried this method, you would get

choice C. Instead, find the probability that this WON’T happen and subtract from one. Doing so will account for the miss-
ing chart values. First, take the sum of the probabilities for less than 3 inches of rain. 0.3102+0.1020+0.1567 =0.5689

Now, subtract that value from one: 1-0.5689=0.4311 The closest value is answer choice (D). Choice B is incorrect as it
only is for three inches of rain, not all values equal to or greater than three inches.
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22.

23.

24.

25.

26.

27.

28.

E. The likelihood of a given event happening is always greater than or equal to the probability of that event happening
alongside a second event (and only equal when the probability of the second event is 100% !) Remember, an upside down
U shape means intersection, or both events have occured. This is the only choice that MUST be true.

C. The expected number of false positives in a group of 800 people will be equal to the sum of each number
n of false positives times the probability of each potential outcome in the sample. The expected number in the sample

is 0(0.2)+1(0.4)+2(0.15)+3(0.15)+4(0.1)= 0+0.4+0.3+0.45+0.4=1.55. However, we are looking for the num-

ber of false positives in a population of 50,000 people, so we can use a proportion to project-how many people this
would be given the rate of false positives in the sample. We set false positives in the sample over the total in the sam-
S5 n
800 50480
n=96.875 which is 97 false positives.

ple equal to false positive in the population ( 7)) over the total population: Cross multiplying, we fing

1.55(50,000)

1.55(50,000) =800 or

800
C. The expected value of a variable is the sum of all of its possible values multj y i ] ’
2 1 5 1 2 3
Of = |+1| — |+2| — |+3| = |+4| = 3
expected value of ¥ equals [9} {18} [18} (6} [9} ) = . Just

because our inputs are discrete random variables (i.e. integers) doesn'g@#an round our expe integer. The
expected value is a weighted mean or average so should not be rounded to the nearest integer ug ified.

Pwho do like to hike,
spicy food, so our prob-

B. Since we are given that the person doesn’t like to hike
leaving us with a population of 115. This is our denomi

ability is 75 ~0.65=65%.
115

g can get rid of all of the ing
Nuis group, 75 people ¢

ays equal 1, since those are the

D. The probability of an event occurring and the pro%g
cs 1— P(E) = P(not E) also true.

only two possible outcomes. Thus we know that 1= P

bility of it not occuNg

¥ plus the probability that 2>0 and 6<0.

There are 5 possibilities for a, o hch 2 are negative and 2 ve. There are 6 possibilities for b, of which 2
. . o 3 6 1 -
are negative and 3 are positi prodWpility that a<0 g Exg:—ozg. The probability that a>0 and
beo=2x2-2 dd these two INQY ther: 242 -3, 2. 51
<0==x—=—= , ¢ 1ot —=—t+t—=—==
56 30 Weaddliese o IR g 795 15 15 15 3
A. Here we’ll usg ) N g ber probability is always:

desired outcomes

er of possible outcomes

atters. Three other clas¥hates means FIVE total. We’ll have to manually figure out the numerator but
s to figure out the denominator. First calculate the number of possible straight line arrangements:
g (£ )or:5!=5x4x3x2x1=120. This is our denominator. Now we need to count the number
I umerator. Below, 0 denotes other kids and M and S denote Mylah and Sierra:

her, we have four options:  If Sierra is first and Mylah is second, we have four more:
VISO 000MS SM000 0SM00 00SMO 000SM

Pn the other kids are in—but we do have to account for them. If there are three other positions

options for arranging those three spots—or in other words each of the above “codes” actually
ent possibilities. So we need to take the 8 arrangements and multiply each of them by 6 —because

to fill, we hayg
stands for

regardlg tre the three open slots are—these three slots represent 6 different orientations. That gives us:
8x6
5x4x3x2x1
We can cancel the 6, and then reduce by dividing out 4:
8x6~ 8 2

S5x4x3x2x1 :Z_OZE
This problem is significantly more difficult than the majority of probability problems you’ll find on the ACT®. If you can
do this, you are set!
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